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Framework — ALE for shock hydrodynamics
through a high-order finite element code

We start with an established ALE shock hydro method (BLAST code at LLNL).

ICF perturbation test 3D Radiation hydrodynamics 3D shock triple point interaction

= Mesh optimization as part of the ALE framework:
(
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Main use case: r-adaptive mesh optimization

in moving mesh simulations

= Main application focus: ALE methods for shock hydrodynamics.

3000 Lagr

steps
 —

Triple point, Q3Q2, 84 elements

= Good element shape
improves the time step:
(allows to reach final time)

= Adapted size
improves the accuracy.

= The optimizer must
combine shape and size!

>

l Remesh + remap step

Method Refs

~6000 Lagr

steps

—_—

1155 Lagr

steps

Lagr Cycles

Runtime #ALE Error

Lagrangian 2 93 833 - 0 0
Lagrangian 1 18 482 266 0 0.069
Adapted to 1 1577 54 .4 19 0.099
interfaces

Eulerian 2 1508 134 21 0.098
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Approach overview: Target-Matrix Optimization
Paradigm (TMOP) and variational minimization

= Target construction: the user defines ideal target elements by

-
specifying the target Jacobians W/
Target T =AW R
_ _ ] element -
= The Jacobian T is used to define the \
local mesh quality measure u(T). - physical
element

= Combinations of W and u(T) control various
properties of the physical elements. Reference element
W = [volume] [orientation] [skew] [aspect ratio].

= Variational minimization over the target elements (soIving 0F (x) / 0x = 0):

= 3 [ Ty = 33wy det(W (@) n(T(r)

EeM EEM x,CE;

Dobrev, Knupp, Kolev, Mittal, Tomov, “The Target-Matrix Optimization Paradigm for high-order meshes”, SISC, 2019
Knupp, “Metric Type in the Target-matrix Mesh Optimization Paradigm” LLNL-TR-817490, 2020.
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TMOP mesh quality metrics

We have explored more than 60 metrics divided into 7 metric types

= Jacobian decomposition: W = [volume] [orientation] [skew] [aspect ratio].

= Shape metrics — control over skew and aspect ratio. ik
Minimized when A is a scaled rotation of /. Ha(T) = O'5det(T) !

= Volume metrics — control over volume. ] 2
Minimized when det(A4) = det(W). prr(T) = 0.5 (det(T) - det(T))

= Alignment metrics — control over orientation and skew.
Minimized when A = W * Diag. 130(A, W) = lai||wi| — (a1 - w1)+
as||ws| — (a2 - w2)
= |mplicit combinations.
SH+V, SH+AL, V+AL, SH+V+AL. pr(0) =T =T~ a(T) =T -1

= Explicit combinations. w(T) = pi(T) + vy (T)

P. Knupp, “Algebraic mesh quality metrics”, SIAM J. Sci. Comp., 23(1):193-218, 2001.
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Problem statement: how to balance
compound (explicit) volume+shape metrics

(L) = ps (1) + Ay (T
What is a good value for the weight?
= QOriginally, the weight decision
was left to the user.

= Time consuming trial-error activity.
Some tests require extreme values.

= Problem dependence (test case,
adaptivity size ratio, refinement level).
There’s also time dependence in ALE.
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Initial approach: compute weights through the
properties of the initial mesh

o s _ 1

wT) = ——pns(T)+ ——M(T), fv=——5+ [ (T
fs + [y fs T [y €20 Qo (

= Balances the magnitudes of the metrics based on the initial mesh.

Pros:
= Automatically adjusts weights based on the problem (and its initial mesh).

= Fits well the ALE framework, as weights are computed before each remesh.

| S=SIE IR
Cons: N
—_— e
= Does not allow deterioration T
w.r.t. the initial shape / volume targets. ;;ﬁ}
N S A N
g/
= Does not allow big shape deformations F/mj |
. AT T T
and extreme adaptivity. ‘ CH

Adaptivity to a discrete function, with ideal initial mesh

R
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Additional requirements & considerations

= The balancing weight should not be problem-dependent.

= The method should allow big deformations w.r.t. the initial mesh.
(deteriorate shape or size when needed)

= The weight should not be dynamic, as this affects the nonlinear solver.

Observations:

= The ratio between the magnitudes doesn’t have a clear geometric meaning:
s = 10 can be a slight shape deformation; u,, = 2 can be 2x volume error.

= The nonlinear objective is posed w.r.t. the gradients of the metrics.

9,
o /Q ts(x) + Aty () =0 = All this suggests to look at the

asymptotic behavior of the metrics.
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2D asymptotic limits are computed through
the extreme values of the geometric parameters

= Geometric parameters (no rotation): two lengths (a, b) and a skew angle (¢).

b cos ¢

A

a
0 bsing

)

v =det(A) =ab sin ¢

|A|2:a2_|_b2

Case Description Consequences
la a—>o00;b=1;8sing=1| v=a— 0
1b b—o0;a=1;sing =1 v=>b— 00
2a, a—>0;b=1;singp=1 v=a—0
2b b—0;a=1;sing =1 v=b—0
3 sing +0;a=b=1 v=sing — 0

Asymptotic cases for 2D Jacobians

= Procedure: for a given metric, for each case compute the limits in w.r.t. v.

—1

| AP

B2 = S det(4)
B |AtA |2
B0 S et (A

Y

2

M50

a? + b2

2absing
a* +2a?b% cos? ¢ + b*

1

1.

2 a2b? sin? ¢

Case M2 | K150
2
la, 1b || 5 5
1 1
2&, 2b 50 2,2
3 1 2
v V2

Asymptotics of 2D shape metrics

= Same is done for volume metrics, and the limits are compared.
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Matching of the asymptotic limits reveals which
compound volume+shape metrics are balanced

Considered volume metrics:

Match u,+size:

Match ugo+size:

1 1 Case K56 ,U727
2a, 2b | 5~ | 5
R O S S 5 S
Hrr = 9 v L2 : 2v 2 v2
Asymptotics of 2D volume metrics
Case || us | use | Relation Case || po | w77 Relation
1 v v Use = L4 1 v v? — 212
2 R AR R RN
o e eSS r B E Ml WL 1
3 I o | a0 [ M= S |l & | zum | Hr =gk
Lhoa = Mo+ A lsg, with 1 < X < 2. figo = 13 + A prr, with%SAgz.
Case || uso | use Relation Case || uso | pr7 Relation
2 2 2
1 U? ? 5o = 2 Uig 1 U? U? Uso = 77
2 2,7 | 20 ps0 = 2 P 2 2,7 | 3.7 U550 = K77
3 % | 55 | pso = 8uds 3 o2 | a7 | Mso =477

53 = 5o+ A p2g, with 2 < X < 8.

Loo = pso + Apry) with 1 <A <4.

The procedure can be applied to any type of compound metric.
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3D geometric parameters & asymptotic limits

= Geometric parameters (no rotation): two lengths and three angles.
v = ( sin¢sinysin y
1 acoso b cos | A?P=1+a® +b°

0 asing bsinycosy ladi A2 = a®sin®é+ b2 sin®y
0 0 b sin ) sin x

A

+ o a2p? (cos ¢ sin ) cos x — sin ¢ cos ¢)2

+ a?b?sin? ¥ sin® y.

Case a b sing | siny |siny | |A]? | |adjA|? | kK*(A) | v
1 1 1 1 1 | =0 3 2 5 | =0
2 1 1 1 | -0 1 3 2 5 | =0
3 1 1 | 50| 1 1 3 2 5 150
4 — 00 1 1 1 1 — a? 2a? 202 | = a
5 || >0 | 1 1 1 1 2 1 250
6 1 — 00 1 1 1 — b? 2b? 2v% | —>b
7 1 — 0 1 1 1 2 1 % | =0

Asymptotic cases for 3D Jacobians
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Lawrence Livermore National Laboratory %% CASC N A oy 12
5 ’0.‘ t‘. B lear Security Administration

LLNL-PRES-855665

National Nucle



3D shape / volume metrics and their asymptotics

= Considered shape metrics:

1 1 .
M301 = 55(A)—1=§|A||ade|—1,
1 1 .
K302 = 552(14) -1=3 | A’ adj A | -1,
[A]?
/'1’303 = 3'U2/3 - Y
_ AP

= Considered volume metrics:

1 1\2 1 1
pr— —_ —_— - — — _1
U316 9 (\/_ \/17) 9 (U+v) )
1 1\> 1/, 1
= —(v=2=) == — ) -1,
U318 9 (U v) 9 (U + v2)

Case || pso1 | M3o2 | M303 1304
1 V6 | 2 1 1
3v 3v? 02/3 v
2 V6 2 1 1
3v 302 02/3 v
3 V6 | 2 1 1
3v 3 v2 12/3 v
4 V2w 2 2 vi/3 'u_2
3 9 3 373
5 vz | 2 2 (z)% 1
3v 9 v?2 32/3 3 v
6 \/51; 212 v4/3 2
3 9 3 373
7 v2 | 2 2 (2)% 1
3v 9 v2 302/3 3 v

Asymptotics

o

f 3D shape metrics

Case v H316 | H318
2 =0 | 5= | 5=
3 —0 | 5 211)22
4 —a | 3 5
5 | -0 & 2})22
6 —b 5 3
7 | 20| &= | 375

Asymptotics of 3D volume metrics
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3D volume+shape compound metrics

= MatCh [1301+Si2e:

= MatCh [1302+Si2e:

31 | Compound u31gs | Compound

Cases || p301

1,2,3 3—‘/5 o= | 3 psor + pate || 5oz | M3er + 3 Msis
4, 6 \/;2)_,” 2| 2 usor + psie % p3o1 + 2 psis
5, 7 3—\/3 L @301 + U316 57 | M301 + § Mais
All A pso1 + aie || H301 + A p3is

o[

. . _ . 3
Suggested Compound Metric is uszz0 = 301 + A 316, with g < A <

Cases || 302 || ms16 | Compound pn31s | Compound

1,2,3 | 322 | 55 | k302 + U516 | 507 | M302 +3usis
4, 6 % 5 % 1302 + 316 %2 M302 + % 1318
5, 7 5z || 55 | sM302+ U316 || mgz | M302 + 5 Ma1s
All A 302 + P316 302 + A pi318)

/
Suggested Compound Metric is pi338 = psoz + A pig1s, with § <A <3
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3D volume+shape compound metrics

_ Cases 1303 || 316 Compound H318 Compound
* Match gz +size: 1,23 | A5 || & | psos+ 2usie)” | 5is H303 + 2 pa1s
4, 6 U;/S 5 | 3p30s + (2 pz16)*® 1)2—2 (3 1303)>% + 2 s
5,7 || 325 | 35 | 2 psos+ (2 pze)’’* =z | (3 /i303)3 + 2 p3is
All A p3os + (2 psie)” (A p303)” + 2 pass

It is not possible to match the shape and volume asymptotic limits

Cases 4304 14316 Compound 318 Compound
Match _ 1,23 P 5o p3o4 + 2 U316 s 1304 + 2 P318
™ . 2 2
atch Uzp4tsize: 4, 6 35 2 | Msoat (3\/) Mg || % | Msoa + (3f) K318
3 3
5,7 [ (3)2-2 | 55 | msoa+2(3)? psie || 57 | H30a+2 (5) K318
| Al ] [ |

L2
P304 + A ls16 ” | M504 + A B318 |

It is not possible to match the shape and volume asymptotic limits
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Application results — 2D shaped charge

= Computed by pgs with A = 1.5 = Previously computed by a non-balanced
(the default weight) metric, resulting in many trials / errors.

= Targets 3:1 volume ratio.

) !
11.20 s 9.632
— 8.399 - 7.224
i it T
Hitin = i il il
s Eaaseeusat = i i
5.600 HH 4816 Ny il
2,800 - I 2.408
—0.000 —0.000
Time=22.6347 Time=34.0026
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Application results — 2D & 3D ball impact

= Computed by pgs withA = 1.5 =

(the default weight)

= Targets 2:1 volume ratio.

= Computed by u33g
with A = 0.1 * default.

= Puts more emphasis
on element shape
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Summary

Asymptotic analysis to derive balanced composite volume+shape metrics.

Hoa = to+ A L6 U338 = 302 + A U318

oo = W50 + A7 1370 = 301 + A U316

The analysis provides problem-independent defaults.

Some of the previously used metrics turned out to be unbalanced.

Alleviates the trial & error weight adjustments in practical simulations.

JSele, al
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Modular Finite Element Methods (MFEM)

Flexible discretizations on unstructured grids

= Triangular, quadrilateral, tetrahedral, hexahedral, prism; volume,
surface and topologically periodic meshes
= Bilinear/linear forms for: Galerkin methods, DG, HDG, DPG, IGA, ...

= Local conforming and non-conforming AMR, mesh optimization

High-order methods and scalability
= Arbitrary-order H1, H(curl), H(div)- and L2 elements

= Arbitrary order curvilinear meshes

mfem.org 2023 workshop
(v4.6, Sep/2023)

= MPI scalable to millions of cores + GPU accelerated
= Enables development from laptops to exascale machines. o N E <G radiuss
Solvers and preconditioners = C\\F’ ‘E,. CEED

= Integrated with: HYPRE, SUNDIALS, PETSc, SLEPc, SUPERLU, Vislt, ...
= AMG solvers for full de Rham complex on CPU+GPU, geometric MG
= Time integrators: SUNDIALS, PETSc, built-in RK, SDIRK, ...

Open-source software "SDK S @ @

= Open-source (GitHub) with 114 contributors, 50 clones/day
= Part of FASTMath, ECP/CEED, xSDK, OpenHPC, E4S, ... NUMFOCUS open

.« . OPEN CODE = BETTER SCIENCE
= 75+ example codes & miniapps: mfem.org/examples
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http://mfem.org/examples
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Disclaimer

This document was prepared as an account of work sponsored by an agency of the
United States government. Neither the United States government nor Lawrence
Livermore National Security, LLC, nor any of their employees makes any warranty,
expressed or implied, or assumes any legal liability or responsibility for the accuracy,
completeness, or usefulness of any information, apparatus, product, or process
disclosed, or represents that its use would not infringe privately owned rights. Reference
herein to any specific commercial product, process, or service by trade name,
trademark, manufacturer, or otherwise does not necessarily constitute or imply its
endorsement, recommendation, or favoring by the United States government or
Lawrence Livermore National Security, LLC. The views and opinions of authors
expressed herein do not necessarily state or reflect those of the United States
government or Lawrence Livermore National Security, LLC, and shall not be used for
advertising or product endorsement purposes.



