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Linear system relaxation (Newton-direct case).

Newton matrix used is either

M̄ = I − γ̄J or M̄ = ∂F/∂y + (1/γ̄)∂F/∂ẏ

with γ̄ = the value of hβ0 when M was last evaluated.
Even if the rest of M̄ has not changed, γ̄ 6= γ can degrade
convergence.

We help by doing relaxation: use ∆y = −cM̄−1G instead
of ∆y = −M̄−1G, with scalar c. What c?

Consider a linear ODE system, ẏ = Jy (F = ẏ − Jy)
with J constant. Then either

G′ = M = I − γJ , M̄ = I − γ̄J or

G′ = M = γ−1I − J , M̄ = γ̄−1I − J .

In either case, the error at each iteration is reduced by
the error matrix E = I − cM̄−1M , and convergence rate
is the spectral radius ρ(E).

Observe that for λ = an eigenvalue of J , the correspond-
ing eigenvalue of E is either

ǫ = 1 − c









1 − γλ

1 − γ̄λ








, or ǫ = 1 − c









γ−1 − λ

γ̄−1 − λ








.

We expect Re(λ) < 0 but otherwise Sp(J) is unknown.
Choosing c to minimize max{ |ǫ| : Re(λ) < 0} leads to

c =
2

1 + γ/γ̄
(PVODE), or c =

2

1 + γ̄/γ
(IDA) .
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for some scalar µ. We have

∆̇(t) =









q−1
∑

j=1

1

t − tn−j

















Πq−1

j=1

t − tn−j

tn − tn−j









[1 + (t − tn)µ]∆n

+








Πq−1

j=1

t − tn−j

tn − tn−j








µ∆n

h∆̇(tn) =









q−1
∑

j=1

h

tn − tn−j








∆n + hµ∆n = (σ + hµ)∆n .

So (σ + hµ)∆n = −α0∆n implies µ = −(σ + α0)/h.

Define dimensionless quantities

ξj ≡ (tn − tn−j)/h = (hn + hn−1 + . . . + hn−j+1)/h

and

ξ∗ ≡ 1/(hµ) = 1/(−α0 − σ) = 1/






q
∑

1

1/j −
q−1
∑

1

1/ξj





 .

At the same time, it helps to change from t to the dimen-
sionless variable

x =
t − tn

h
.

Then

t − tn−j

tn − tn−j
=

tn − tn−j + hx

hξj
= 1 + x/ξj ,

and 1 + (t − tn)µ = 1 + x/ξ∗.
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The local error test is:

‖estimated LTE‖ ≤ 1 , or

‖∆n‖ = ‖yn − yn(0)‖ ≤ 1/|C ′| ≡ ǫLE .

If test passes, go on to correction zn(0)→ zn

If test fails,

(a) restore zn−1 from zn(0) by repeated subtractions

(b) reset step size to h′ = solution of

(h′/h)q+1‖∆n‖ = ǫLE/6

(1/6 = safety factor, to account for deviations from
asymptotic behavior)

(c) rescale zn−1: zj
n−1← (h′/h)jzj

n−1

(d) retry the step (predict, correct, etc.)

If error test fails repeatedly (7 times) or |h| reaches a
user-supplied minimum, give up.

After 3 error test failures, we force an order reduction if
q > 1, or restart from scratch if q = 1.

The ratio h′/h is limited (above) to .2 after 2 error test
failures, and limited below to .1 after 3 failures.
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Consider order q − 1.

The Local Truncation Error at order q′ = q − 1 is

LTEq−1 = Cq−1h
qy(q)(tn) + O(hq+1) .

By a derivation similar to that for the order q error test,

Cq−1 =
(Πq−1

1 ξj)[(α0 + 1/q) + 1 − (α̂n,0 + 1/ξq)]

(α0 + 1/q) q!
.

Here hqy(q)(tn) is easily estimated as q!zq
n. So

est.LTEq−1 = Cq−1q!zq
n .

We set a tentative new step size as before:

(h′/h)q‖est.LTEq−1‖ = 1/6 , or

h′/h =









1

6‖est.LTEq−1‖









1

q

≡ ηq−1 .

Consider order q + 1.

The Local Truncation Error at order q′ = q + 1 is

LTEq+1 = Cq+1h
q+2y(q+2)(tn) + O(hq+3) ,

Cq+1 =
(Πq+1

1 ξj)[α0(q + 1) + 1 − α̂n,0(q + 1)]

α0(q + 1) (q + 2)!
.
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(b) Actions after passing the Local Error Test.

No further action if: k′ = k−1, or k = 5, or k was raised
in previous step. If last k+1 steps were at constant order
k < 5 and step size h, consider order k + 1.

Set order k + 1 test quantities:

est.‖hk+2

n y(k+2)

n ‖ = Tk+1 = ‖∆n −∆n−1‖

ELTEk+1 = Ek+1 = Tk+1/(k + 2) .

Case k = 1: Set k ← 2 if T2 < T1/2.

Case k > 1:

Set k ← k − 1 if Tk−1 ≤ min{Tk, Tk+1} ;

Else set k ← k + 1 if Tk+1 < Tk ;

Else leave k unchanged (Tk−1 > Tk ≤ Tk+1) .

In any case, set tentative step ratio

r = h′/h = 1/(2Ek)
1

k+1

using new k and corresponding estimated LTE Ek.

To increase h, we must be able to double it:

If r ≥ 2, take h′ = 2h ;

If r ≤ 1, adjust to make .5 ≤ r ≤ .9, set h′ = rh ;

If 1 < r < 2, set h′ = h .
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